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Abstract 

We consider, in a smooth bounded multiply connected domain 2? C M^, the Ginzburg-Landau 
energy Es{u) — ^ J-p {|Vup + — subject to prescribed degree conditions on each 

component of dV. In general, minimal energy maps do not exist [?]. When V has a single hole, 
Berlyand and Rybalko [5] proved that for small e local minimizers do exist. We extend the 
result in [S]: E^{u) has, in domains T) with 2,3, ... holes and for small e, local minimizers. Our 
approach is very similar to the one in [5J ; the main difference stems in the construction of test 
functions with energy control. 
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1 Introduction 

This article deals with the existence problem of local minimizers of the Ginzburg-Landau func- 
tional with prescribed degrees in a 2D perforated domain D. 

The domain we consider is of the form T> = Ui^fq^uJi, where G N*, and the cjj's are 
simply connected, bounded and smooth open sets of M?. 

We assume that cJi C ^ and uJi riuJj = 9 for i,j £ Nat := {1, ...,N},i ^ j. 

The Ginzburg-Landau functional is 

E,{u,V) := i ^ ||V..p + ^ (1 - \nf)'^ dx (1.1) 

with n : P — 7- C ~ and e is a positive parameter (the inverse of k, the Ginzburg-Landau 
parameter) . 

When there is no ambiguity we will write E^{u) instead of E^{u,'D). 
Functions we will consider belong to the class 

J = {u£ H^{V,C) \\u\ = l on dV} . 

Clearly, J7 is closed under weak //^—convergence. 

This functional is a simplified version of the Ginzburg-Landau functional which arises in super- 
conductivity (or superfluidity) to model the state of a superconductor submitted to a magnetic field 
(see, e.g., [lOj or [9]). The simplifled version of the Ginzburg-Landau functional considered in (jl.ip 
ignores the magnetic fleld. The issue we consider in this article is existence of local minimizers with 
prescribed degrees on dT>. 

We next formulate rigorously the problem discussed in this article. To this purpose, we start by 
defining properly the degrees of a map u £ J. For 7 G {d^l, Oun} and u £ J' we let 

deg..^(n) = ^ y ^ drudr. 

Here: 

• each 7 is directly (counterclockwise) oriented, 

• T = v^, T is the tangential vector of 7 and u the outward normal to $7 if 7 = dO, or uji if 

7 = dui, 

• d-r = T - V , the tangential derivative and " • " stands for the scalar product in R^, 
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• "x" stands for the vectorial product in C, {zi + iZ2)>i {wi + iW2) := ziW2 — Z2W1, zi, Z2,'Wi,W2 G 
M, 

• the integral over 7 should be understood using the duality between H^^'^{j) and H~'^/'^{'y) 
(see, e.g., [4\ definition 1). 

It is known that deg^(ti) is an integer see [4] (the introduction) or [7]. 
We denote the (total) degree of n G J7 in P by 

deg{u,V) = {degQ^^{u),...,degQ^^{u),degQQ{u)) e x Z. 

For (p, q) G x Z, we are interested in the minimization of i^^ in 

Jp,g ■.= {uej\ deg{u, V) = (p, q)] . 

There is an huge literature devoted to the minimization of E^. In a simply connected domain O, 
the minimization problem of E), with the Dirichlet boundary condition g G C°°(9f2,§^) is studied 
in detail in |^. E^ has a minimizer for each e > 0. This minimizer need not to be unique. In 
this framework, when degQ^{g) 7^ 0, the authors studied the asymptotic behaviour of a sequence 
of minimizers (when e„ ^ 0) and point out the existence (up to subsequence) of a finite set of 
singularities of the limit. 

Other types of boundary conditions were studied, like Dirichlet condition g G C°°{dn,C \ {0}) 
(in a simply connected domain Q) in [Ij and later for g G C°°{dQ,C) (see [2]). 

If the boundary data is not u^qj), but a given set of degrees, then the existence of local minimizers 
is non trivial. Indeed, one can show that J^p^g is not closed under weak i/^-convergence (see next 
section) , so that one cannot apply the direct method in the calculus of variations in order to derive 
existence of minimizers. Actually this is not just a technical difficulty, since in general the infimum 
of E^ in J'p^q is not attained, we need more assumptions like the value of the //^—capacity of V 
(see [3] and [4]). 

Minimizers u of E^ in Jp^q, if they do exist, satisfy the equation 

-Au= ^1- up 

< 1^1 = 1 

u X duU = 
^ deg{u,V) = {p,q) 

d 

where d^, denotes the normal derivative, i.e., = — = v -V. 

ov 

Existence of local minimizers of Ef, is obtained following the same lines as in [5]. It turns 
out that, even if the infimum of E^ in Jp^q is not attained, (II. 2p may have solutions. This was 
established by Berlyand and Rybalko when T> has a single hole, i.e., when A'^ = 1. Our main result 
is the following generalisation of the main result in [5j : 

Theorem 1. Let (p,g) G x Z and let M G N*, there is £i{p, q,M) > s.t. for e < there 
are at least M locally minimizing solutions. 

Actually, we will prove a more precise form of Theorem [T] (see Theorem [2]) , whose statement 
relies on the notion of approximate bulk degree introduced in [5] and generalised in the next section. 

The main difference with respect to [5] stems in the construction of the test functions with 
energy control in section [6l In a sense that will be explained in details in section [6l our construction 
is local, while the one in [5j is global. We also simplify and unify some proofs in |5j. 



in V 

on dV 
on dV 



(1.2) 



We do not know whether the conclusion of theorem [T] still holds when T) has no holes at all. 
That is, we do not know whether for a simply connected domain fi, a given ci G Z* and small e, the 
problem 



-An = -^(1 - luPl in 



u X dyU = 
\u\ = 1 



on 5f] 
on (90 



(1.3) 



has solutions. Existence of a solution of (II. 3p is clear when is a disc, say = I?(0, i?) (it suffices 



to consider a solution of — An 



r(l — |np) of the form u{z) = f{\z\) 



with n 



on 



However, we do not know the answer when is not radially symmetric anymore. 



2 The approximate bulk degree 

This section is a straightforward adaptation of [5]. 

Existence of (local) minimizers for in ^p_g is not straightforward since Jp^q is not closed 
under weak 77^— convergence. A typical example (see [4J) is a sequence {Mn)n s.t. 

M„: D(0,1) ^ i?(0,l) 

:E-(l-l/n) , 



X I— )• 



;i - l/n)3; - 1 



where I?(0, 1) C C is the open unit disc centered at the origin. Then M„ ^ 1 in deggi(M„) = 1 
and deg§i (1) = 0. 

To obtain local minimizers, Berlyand and Rybalko (in [5]) devised a tool: the approximate hulk 
degree. We adapt this tool for a multiply connected domain. 

We consider, for i S Nat := {1, A^}, Vi the unique solution of 

-/\Vi = in P 
Vi = l on dV\duji . (2.1) 
Vi = on duji 

d 

For n G J7, we set, noting dkU = — — n 

dxk 

abdegi(n,P) = ^ [ ux {diVi - dm) dx, (2.2) 

abdeg(n,P) = ( abdeg;^(n, 2?) , abdeg^(n, P) ) . 

Following [5], we call abdeg(n,P) the approximate bulk degree of n. abdegj : ^7 — )• M, in general, is 
not an integer (unlike the degree). However, we have 

Proposition 1. 1) If u e H^{'D,§:^), then abdegj(n,P) = degQ^^{u); 

2) Let A,e > and u,v € J s.t. Ee{u),Ee{v) < A, then 

|abdegj(n) - abdegi(n)| < -||yi||ci(D)A^/^||n - n||j^2p); (2.3) 

3) Let A> and (ne)e>o C J s.t. for all e > 0, Ee{ue) < A, then 

dist(abdeg(ne), Z^) when e ^ 0. (2.4) 
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Proof of Proposition [T] is postponed to Appendix [B] 

We define for d = (di, dA?) G Z^, p = {pi, ■■■,Pn) £ Z^ and q e 

J^vn = JpnC^) ■= lue Jp,q \ ||abdeg(u) - d||oo := max \di - abdegj(n)| < I . 

The following result states that J^^^ in never empty for (p, g, d) G x Z x Z^. 

Proposition 2. Lei (p,g,d) G Z^ x Z x Z^. Then J^^ / 0. 

Proof. For i G {0, A^}, we denote = 5i,Ar, 5i,o) £ Z^+-^ where 

f 1 if z = A; 
(^i fc = ^ 1 ■ is the Kronecker symbol. 
[ U otherwise 

For i G {0, ...,iV}, there is G J(p^_d,)e, if « / and G J(q-Y^d,)eo s.t. ^ 1 in and 
|M^| < 1 (Lemmas 6.1 and 6.2 in ^). Let 

N 

Ed := {-u G H\V,S^)\deg{u,V) = (d,d)} ,d = (di, div), (i = ^dj. 

i=i 

We note that, £'d 7^ 0, see, e.^r., [6]. Let u G E'd and Un := ^Hi^o-^n- Then we will prove that, 
for large n, we have, up to subsequence, that n„ G J^pq- Indeed, up to subsequence, 

Un^ U in H^, Un e Jp^q. 

Using the fact that abdeg(n) = d and the weak iJ^-continuity of the approximate bulk degree, we 
obtain for n sufficiently large, that u„ G Jlp^q- D 

We denote me(p,g, d) the infimum of on J^p q, i-e, 



ine{p,q,d) = inf Es{u) 

and 



Io{d,V)= inf I [ \V 
We may now state a refined version of Theorem [TJ 

Theorem 2. Let d G (N*)^. Then, for all {pi, ...,pN , q) G Z^+^ s.t. q < d and pi < di, there is 
£2 = S^P,q,d) > s.t. for < e < m£(p,g, d) is attained. 
Moreover, we have the following estimate 

ms{p,q,d) = Io{d,V) + TT {di - pi + ... + dN - PN + d - q) - 0^(1), Oe(l) 0. 

e->0 

For further use, a configuration of degrees (p, q, d) G Z^ x Z x (N*)^ s.t. < di and q<^di 
will be called a "good configuration". Noting that, for d 7^ d G Z-^ and (p,(?) G Z-^ x Z, we have 

n = 0, we are led to 
Proof of Theorem [D Let (p, ^) G Z^ x Z and set for A: G N*, 

d = max < max |(/| \ and d^ = {d + k, ...,d + k). 



We apply Theorem [2] to the class J'p g . We obtain the existence of 

qT](P' 9, M) = min s^p, q, d^) > 

s.t. for e < ejjj, k G Nm, iT^eiP^Q^f^k) is achieved by u^. 

Noting the continuity of the degree and of the approximate bulk degree for the strong H^- 
convergence, there exists V^^ C C J an open (for i7^-norm) neighbourhood of u^. It follows 
easily that 

Esiu'',) = min Ee{u). 

Then G J^p^q is a local minimizer of E;, in J' (for i/^-norm) for < e < £[J](p, q, M). 

3 Basic facts of the Ginzburg-Landau theory 

It is well known (c/ [3], lemma 4.4 page 22) that the local minimizers of E^ in ^/p^g satisfy 

- Au= ^u{l-\u\^) inV, (3.1) 

|n| = 1 and u x 9;^n = on dV. (3.2) 

Equation (|3.ip and the Dirichlet condition on the modulus in (|3.2p are classical. The Neumann 
condition on the phase in (j3.2p is less standard but it is for example stated in [4J. 

Equation (13. ip combined with the boundary condition on dT> implies, via a maximum principle, 
that 

|m| < 1 in V. (3.3) 

One of the questions in the Ginzburg-Landau model is the location of the vortices of stable 
solutions {i.e., local minimizers of E,.). We will define ad hoc a vortex as an isolated zero x of u 
with nonzero degree on small circles around x. 

The following result shows that, under energy bound assumptions on solutions of (|3.ip . vortices 
are expelled to the boundary when e — t- 0. 

Lemma 1. Let A > and let u be a solution of /i3. 1\) satisfying /i3. 3\) and the energy bound 
Ee{u) < A. Then with C, Ck and £3 depending only on A, D, we have, for < e < and x G D, 

l-Kx)P< (3.4) 
dist (x, oV) 

and 

\D^u{x)\ < ^ . (3.5) 

' ^ ^' " dist'^(x,aP) ^ ^ 

u 

When u is smooth in D and /9 = |n| > 0, the map — admits a lifting 9 , i.e, we may write 

P 

u = pe'^, 

where ^ is a smooth (and locally defined) real function on D and V9 is a globally defined smooth 
vector field. 

Using (|3.ip and (13. 2j) . we have 

div(p2v0) = O inB 

dj = ondV ' ^ ' 



-Ap + \V9\'^p + \p{p^ -1) = mB 



e 



p = 1 on dV 



(3.7) 



here, B = {x £V\ u{x) ^ 0}. 

We will need later the following. 



Lemma 2. Let u be a solution of i3. 1\) and \3.2^) . Let G C be an open Lipschitz set s.t. u 
does not vanish in G. Write, in G, u = pv with p = \u\. Let w G H^{G,C) be s.t. \tT:QQw\ = 1. 
Then 

E,{pw,G)=E,{u,G) + L,{w,G), 

with 

Lsiw,G) = l- [ p'^\Vw\'^ dx-l [ \w\'^p'^\Vv\'^ dx + ^ [ p'^il - {wl'^f dx. 
^ Jg ^ Jg 4e Jq 

For further use, we note that we may write, locally in G, u = pe*^, so that v = e^^ . It turns out 
that VO is smooth and globally defined in G. In terms of V0, we may rewrite 

L,{w,G) = - [ p^\Vw\^dx-- [ |u7|2p2|v0|2dx+ / p\l-\w\^fdx. 
Jg Jg 4e Jq 

For u a solution of (|3.ip and (j3.2p . we can consider (see Lemma 7 in [5]) h the unique globally 
defined solution of 

V-^h = uxVu inV 

h = l ondn , (3.8) 

h = ki on diOi 

where fej's are real constants uniquely defined by the first two equations in (j3.8p . Here 

V^/i = I rP'?^ I is the orthogonal gradient of h and u x Vu = ( ^ ^ 
\ Oih J o o y u X 

It is easy to show that 

Vh = -p'^V^e in B 

div(^V^) = in S ; (3.9) 
A/i = 2diu X in B 

here, B = {x £ V\u{x) / 0}. 

In [6], Bethuel, Brezis and Helein consider the minimization of E{u) = — jVu^dx, the 
Dirichlet functional, in the class 

E^ = {u€ H\V,S^)\deg{u,V) = (d,d)}; 

here, d = ^d^. 

Theorem I.l in [6] gives the existence of a unique solution (up to multiplication by an 
constant) for the minimization of E in E^. We denote uq this solution. This uq is also a solution 
of 

-Av = viVvp in V 
V X dyV = on dV 



Moreover, we have 



Io(d,P) := min E{u) = - f \Vha\^ dx (3.10) 
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with /iQ the unique solution of 



Aho = in P 

ho = 1 on 9f2 

/io = Cstfc on dojk, k £ {1,...,N} . (3.11) 



len 



/ duhoda = 27rdk for fc E {1, A^} 
One may prove that /iq is the (globahy defined) harmonic conjugate of a local lifting of uq. 

4 Energy needed to change degrees 

We denote 

ae : (Z^ x Z) x (Z^ x Z) ^ N 

((d,(i), (p,g)) H> Eili -ki + M- 

The next result quantifies the energy needed to change degrees in the weak limit. 
Lemma 3. (1^, Lemma 1) Let {un)n C J^^q he a sequence weakly converging in to u. The 

liminf^('U„) > E{u) + 7rae(deg(n, P), (p, g)) (4.1) 

n 

and for e > 

liminf Eeiun) > E,{u) + TTaa{deg{u,V), {p,q)). (4.2) 

n 

The next lemma is proved in |5]. 

Lemma 4. Let d = (di, ...,d]\[),p = (pi, ...,pn) € Z^, g € Z. There is 0^(1) — )• (depending of 
(p, q, d) ) s.t. for u G Jp^q we have 

E,{u) > Lo{d,V) + 7r3s{{d,d), (p, q)) - o,(l). (4.3) 

Here, d := Y^di. 

We present below a simpler proof than the original one in [5]. 



Proof Let (p,g,d) G Z^ x Z x Z^. We argue by contradiction and we suppose that there are 
5 > 0, En 10 and («„)„ C J^^ s.t. 

Ee„ {un) < Io{d, V) + 7rae((d, d), (p, q)) - 5. (4.4) 

Since {un)n is bounded in H^, there is some u s.t., up to subsequence, ti„ ^ u in ff"*^ and u„ — )• u in 
L^. Using the strong convergence in L^, (|4.4p and Proposition [H we have u G H^(T>, S^)n^j^^ = ii^d- 
To conclude, we use (|4.4p combined with Lemma |3] 

/o(d,2?) + ^ae((d,d),(p,g)) -5 > Urn inf E.Jun) 

n 

> liminf i?(nn) 

n 

> E{u)+Tr^{{d,d),{p,q)) 

> /o(d,P)+7ra8((d,d),(p,g)) 

which is a contradiction. □ 
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One may easily proved (see Lemma [HI in Appendix [C]) that for r] > 0, i £ {0, ...,A^} and 

u G Jdeg{u,V), there are v± G Jdeg(n,D)±e, s.t. 

Ee{v±) < Es{u)+7: + r]. 

The key ingredient is a sharper resuh which holds under two additional hypotheses. In order to 
unify the notations, we use the notation loq for Q. We may now state the main ingredient in the 
proof of Theorem [21 

Lemma 5. Let u G J'p^q be a solution of Ii3. 1]) . 113. S^) . 
Assume that 

abdegj(n) e (dj - -,dj + -), \f j e^N- (4.5) 

Let i G {0, ...,iV} and assume that there is some point G duJi s.t. u x dTu{x^) > 0. Recall that r 
is the direct tangent vector to doji. 
Then there is u G c7(p,g)-ei s.t. 

Ee{u) < Ee{u) + Tl 

and 

abdegj(n) g (dj - -, d^- + -), Vj G Njv- 

The proof of Lemma [5] is postponed to section [6l 
We also have an upper bound for 77ie(p, q, d). 

Lemma 6. Let e > and (p, g, d) G x Z x Z^. Then 

m,(p, q, d) < /o(d, V) + 7rae((d, d), (p, q)). (4.6) 
To prove Lemma [6l we need the following 

Lemma 7. Let u G , e > and 6 = {6i, 6]\!,So) G Z^+^. For all rj > Q, there is G Jdcg(u,v)+& 
s.t. 

i&{0,...,N} 

and 

\\u - u^Jmv) = o^{l), o^(l) ^->^ 0. (4.8) 

The proof of Lemma [7] is postponed to Appendix O 

Proof. We prove that for r] > small, we have 

rrieip, q, d) < /o(d, V) + 7rae((d, d), (p, q)) + 77. 

We denote uq G E^ s.t. E{uo) = /o(d,P). Then abdegj(tio) = dj- 
Using Lemma [7] with 6 = (p, q) — (d, d), there is Urj s.t. 

u,^ G J(^p^g) and Ee{u^) < Es{uo) + TTx{{d,d),{p,q)) + r] = Lo{d,V) + 7rae((d, d), (p, g)) + r/. 

Furthermore, by (14. Sp . ||no — ^i»?||L2(-p) = 0^(1)- For small, by Proposition [U we have uq G J^pg 
which proves the lemma. □ 
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5 A family with bounded energy converges 

In this section we discuss: 

1. the asymptotic behaviour of a sequence of solutions of (|3.ip . (|3.2p . (ng^)^ C J^p q (e^ i 0) with 
bounded energy , i.e, Es„{us„) < A, 

2. the asymptotic behaviour of a minimizing sequence of in J^p^q, 

3. a fundamental lemma. 

Proposition 3. Let e„ | 0, {us„)n C J^p q with Us„ a solution of liS. 1]) . liS. s.t. for A > 0, we 

have 

E, (u,\ < A. 



-n \ &n / 



Then, denoting he„ the unique solution of 113. 8\) with u = Ug^ , we have 

he„ ^ ho m H\V), (5.1) 

where ho is the unique solution of i3.11\) . 
Up to subsequence, it holds 

Ue„^uoinH\V), (5.2) 
where uq S i?d is the unique solution of l[3.10\) up to multiplication by an -constant. 

Proof. Using the energy bound on Us„ and a Poincare type inequality, we have, up to subsequence, 

hr. h in H\ 



In order to establish (j5.ip . it suffices to prove that h = h^. 

The set n := {h e H\V,R); drh = on dV and h\gn = 1} is closed convex in H^{V,R). 
Since {hs„)n C7i, we find that h gH. 

By boundedness of E^^{ui;^), Lemma [T] implies that u^^ is bounded in C^^^{T),M.'^). Therefore 
there is some u £ C^^^{'D, C) s.t., up to subsequence, — )• li in C^^^{'D, M^), L^{'D, M^) and weakly 
in H^{V,M.'^). 

Using the strong convergence in and the energy bound on u^^, we find that u £ i/^(I?, S^). 
It follows that diu x d2U = in P. On the other hand, 

A/i^„ = 2diUe,, X d2Ue„ ^ in Ci°c. 

Therefore, /i is a harmonic function in D. 

In order to show that h = ho, it suffices to check that 

/ d,yhda = Indi. 

J duii 

To this end, we note that, since u^^^ x ((?il^92^^e„ — d2VidiUe„) = Wi ■ V/ig^, we have from (j2.ip 
27rabdegj(ue„) = / Wi-Vhe^dx > / Wi-Vhdx= / d^hda. 

Jv Jv JdV\duj, 



Noting that, by Proposition [H 



abdegj(ne„) > abdegj(u) = degg (n) 

n->oo ' 

abdegi(ue„) > di 



in 



and that = / Ahdx = / dyhdcr, we obtain 
Jv JdV 

/ duhda = / d^h da = 2Tr di = 2Tr degQ^.{u). 

J d'D\du!i J duii 

In the first integral, v is the outward normal to T), in the second, v is the outward normal to uji. 
This proves (|5.1|) . 

We next turn to (|5.2p . Let uq be s.t., up to subsequence, u^^ uq in H^{T>). Since \us„\ < 1, 
we find that 

■Ue„ X Vm£„ ^ Mo X Viio in ^^(P). 
In view of (|3.8p and (|5.ip . we have x Vuq = V"'-/io. Therefore, 

S(no) = ^(/io) = /o(d,P). 

Proposition [T] implies that uq G i?d- Then uq is the unique, up to multiplication by an S^-constant, 
minimizer of E in E^. □ 

Proposition 4. Lei (p,(7,d) G x Z x Z^. For e > 0, let (m^)„>o C ^7^^ he a minimizing 
sequence of E^ in J^^q- Then there is £4 (p, q,d) > s.t. for < e < egj, up to subsequence, Un ^ u 
in with u which minimizes E^ in i7^g(„ -p^ • 

Proof. For e > 0, let {u'^)n C J^p g be a minimizing sequence of E'e in J^. Up to subsequence, using 
Proposition [H 

< ^ in with G Jd'^cgK,©)- 

Using Lemmas [3] and [6l we see that {deg(M^, P), e > 0} C Z^ x Z is a finite set and that E^{u'^) 
is bounded. Therefore, with Proposition [H there is eg] > s.t. |abdegj(u^) — dj| < ^ for all i G Nat 
and < e < eg]. 

We argue by contradiction and we assume that there is e < e]4] s.t. 

Ee{u^) = me(deg(u^P),d) + 277, ^ > 0. 

Let u G Jd'igK,©) be s-t- ^ "ie(deg('uSP),d) +77. 

Using Lemma [7] with (5 = (p, q) — deg{if ,V), there is t; G Jp^q s.t. 

L;,(i;) < S,(n) + 7rae((p,g),deg(u^P)) + r/. 

Furthermore, by (j4.8p . ||m — v\\i^2 can be taken arbitrary small, so that we may further assume 
V G Jp^q- To summarise we have 



me(p,g,d) = liminf 

n 

> Se(n^)+^ae((p,(?),deg(n^P)) 

= m,(deg(M^ P), d) + 2r? + 7rae((p, q), deg(u^ P)) 

> ^eW + v^ae((p,g),deg(u^P)) + r/ 

> ^^(w) > ?7ie(p,g,d). 

This contradiction completes the proof. 

□ 

The main tool requires the following lemma. 
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Lemma 8. Let (p, q, d) G x Z x and A > 0. There is e5(p, q, d, A) > sJ. /or e < and 
u G i7p,g, oi solution of h3.1\) and hS. S^) with E^{u) < A, if d > (respectively di > 0), then there is 

G (9il (respectively G s.t. u x dru{x^) > (respectively u x dru{x^) > 0). 

Here r is i/ie direct tangent vector to dO, (resp. dui). 

Proof. We prove existence of x^ G 50 under appropriate assumptions. Existence of is similar. 

We argue by contradiction. Assume that there are Sn i 0, C J^^g solutions of (|3.ip and 

()3.2p with Ee^iun) < A s.t. u„ x 9t-u„ < on 30. 
1 /• 

Since q = — / Un x drUn, we have q < 0. 
27r Jon 

Up to subsequence, by Proposition [3l we can assume that 

Un — )• a-e. with uq the unique solution (up to S^) of (|3.10p . 

Let xq G 90 and let 7 : 90 — t- [0, Ti^ {dO,)[=: I be s.t. 7^-*^ is the direct arc-length parametrization 
of 90 with the origin at xq. 

We denote 9n ■ I ^ ^ the smooth functions s.t. 

f Un{x) = e*^"[T(^)l Vx G 90 
I < 9n{0) < 2tt 

Then, for all n, 9^ is nonincreasing and 0„ G [^n(O) + 27rg, 0„(O)] C [27rg, 27r]. 

Using Helly's selection theorem, up to subsequence, we can assume that 9n ^ 9 everywhere on 
/ with 9 nonincreasing. Denote H the set of discontinuity points of 6. Since 9 is nonincreasing, H is 
a countable set. 

Using the monotonicity of 0, we can consider the following decomposition 
9 = 6^ + 9^ , with 9^^ and 6^ are nonincreasing functions. 
9'^ is the continuous part of 9 and 6^ is the jump function. The set of discontinuity points of 6^ is 

For t ^ E, 

o\t)= Ms+)-e{s-)}. 

0<s<t,seE 

We obtain easily that ^0(2^) = e^^^"'^^^^ a.e. x G 90. Since uq, 9n and 7 have side limits at each 
points and uq = e*^°'^ a.e., we find that 

uo{x±) = e*^['^(^±)l for each x G 90. 

Using the continuity of uq, we obtain e^^t"^^^"^^! = e*^''''''^"-*] Vx G 90 which implies that 

9[-fix+)] - 9[-f{x-)] G 27rZVx G 90. 

For t ^ E, 

9^{t)= Yj {e{s+) - 9{s-)} £ 2TrZ. 

0<s<t, sGH 

Then 

7Xo(x)e-*^^W-')] = e^^'W^W = 1 a.e. x G 90. 

Finally, Uo{x) = e^^"^'^^^^^ a.e. x G 90, which is equivalent (using the continuity of the functions) at 
no = e*^'°^. 

We have a contradiction observing that 

< 27rdeggf^(uo) = 27rd = 9^{n^{d^)) - ^(0) 

and using the fact that 9'^ is nonincreasing. □ 
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6 Proof of Lemma [5] 

We prove only the part of the lemma concerning dQ. The proof for the other connected com- 
ponents of dD is similar. 

For reader's convenience, we state the part of Lemma [5] that we will actually prove 



Lemma . Let u G Ji,,q be a solution of h3. 1\) and ( fg.^j) . 
Assume that 

abdegj(n) ^ {dj - -,dj + -), V j G N^v 

and that there is some point G 517 s.t. u x dru{x^) > 0. 
Then there is u £ i7(p,q_i) s.t. 

abdegj(u) G {dj -^,dj + ^), V j G Nat. 

6.1 Decomposition of V 

By hypothesis, there is some x^ G dQ s.t. dyh{x^) > 0. Without loss of generality, we may 
assume that u{x^) = 1. 

Then there is T C P, a compact neighbourhood of x^ , simply connected and with nonempty 
interior, s.t.: 

• 7 := dVt n dT is connected with nonempty interior; 

• x^ is an interior point of 7; 

• |V/i| > 0, p > 0, /i < 1 in T; 

• di/h > on 7 (1/ the outward normal to il). 

It follows that, in T, 0, a lifting of u/\u\ is globally defined (we take the determination of 
which vanishes at x'^) . 

Using the inverse function theorem, we may assume, by further restricting T, that there are 
some < r/, 5 < 1 s.t. 

T = {x&V s.t. dist(x,x°) < r/, 1 - 5 < h{x) < 1, -25 < e{x) < 25}. 

o 

We may further assume that, by replacing 5 by smaller value if necessary and denoting Ds :=T 
(see Figure [T|), we have 

... G := {e,h)\Ds ■■ Ds (-2(5,25) x (1 - 5,1) is a C^-diffeomorphism, 

X ^ {e,h) 

(ii) dDs \{{h = l}u{h = l- 5}) = dDs D {{6 = -25} U {9 = 25}), 

(iii) Ds is a Lipschitz domain. 

We consider (5o > s.t. for 5 < 5q, Ds satisfies previous properties and 

vr I ||abdeg(u) — diloo — -^1 



6maxj ||l^i||ci(©) {Ee{u) + vr) 



Using Proposition [T] and (I6.ip . if f G H^{T),C) satisfies u = v in V \ Ds, \v\ < 2 in "D and 

< Es{u) + vr, then we have abdegj(w) G {di — 1/3, di + 1/3). 
We let 5 < 6o and we denote 

D's [{-5,5) X (1-6,1)], 

Ds ■■= [(-25, -6) X (1 - <5, 1)] , 
D+ := [{6,25) X (1-5,1)], 

so that D's, DJ and D'^ are Lipschitz domains (see Figure [T]). 



h = 1 



h = l-5 




Figure 1: Decomposition of D 



6.2 Construction of the test function 

We consider an apphcation (with unknown expression in Ds) ipt ■ ^ C {t > smaher than 5) 



s.t. 



Mx) 



1 in V\Ds 

-''-{i-tm) 



on dn n dDs ' 



I e-^0{i-tip{e))-l 
with < (/9 < 1 a smooth, even and 27r-periodic function satisfying 

V^l {-(5/2,5/2) = 1 and = 0. 



5.2) 
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It is clear that ipt\dv ^ C°°{dV) and 

dega^^(V't) = for all i e N^v. 
Expanding in Fourier series, we have 



e-'S^l-t^{e)) 



'- = {l-tb^i{t)) + t h{t)e 



(6.3) 



(6.4) 



-id 



Noting that the real part of — ^ 

e~*'^(l — tip{0)) — 1 

that bkit) £ R for ah k,t. 

The following lemma is proven in Appendix [1 

Lemma 9. We denote, for e*^ G S^, 



is even and the imaginary part is odd, we obtain 



-id 



e-'S(^l-Hp{e)) - 1 
Then: 

1) \^t-J='t\ <Cst on S\- 



and 



(1-t) 



e-'^{i-t) - r 



= 4l -t) - 1 " " ^""-^^ + * ^ Cfc(t)z^'+\ with 

'(t - 2)(1 - t)'^ ifk>0 
Cfc = < ifk<-2; 
1 ifk = -l 

3) \bk{t) — Ck{t)\ < C{n,5) (1 + |A;|)~" , Vn > with C{n,5) independent oft sufficiently small. 
It is easy to see using Lemma [9] that, for t sufficiently small, 

deg§i('I't) = deg§i(J"t) = -1. 
Using the previous equality and the fact that drO > on 7, we find that 

deggnii^t) = -I- (6.5) 

It will be convenient to use h and as a shorthand for h{x) and 9(x). With these notations, we 
will look for ipt of the form 

Mx) = Mh,e) 

' (l-t/_i(/i)6_i(t))+t ^ 6fc(t)A(/i)e-(^+i>'' \uD', 



-— + ^f(/i,5)— — 
-— + ^j(/i,-5) — — 



in D: 



in 



(6.6) 



We impose /^(l - 6) = and /fc(l) = 1 for A; e Z. 

Our aim is to show that for i > small and appropriate /^'s, the function ipt defined by (j6.6p 
satisfies ()6.2p and 

L.i^Pte'', Ds) <7r. (6.7) 



Here, is the functional defined in Lemma [2l so that 



Then, considering 



and setting 



m\ 



pwt = ihu in Ds 

u in V \ Ds ' 

in view of (|6.7p , it is straightforward that u satisfies the conclusion of Lemma O 

6.3 Upper bound for L^{-,Ds). An auxiliary problem 

If we let w : [1 — 5,1] X [—25, 25] be s.t. w{h{x), 9{x)) := w{x), then we have 
\Vw\'^ = ^\diw\'^ = ^\dhw{h,9)dih + dew{h,e)dief 

i i 

= ip^\dhw{h,9)\^ + \dew{h,e)\')\ve\\ 

Therefore, 

L,iw,Ds) = \ f {{p^\dhw{h,e)\'' + \dew{h,e)\''-\w{h,e)\'')p'\ve\'' + 

+ l^p\i-\u,{h,e)\'f}dx 



< 

- 2 



I [ {\dhwih,e)\^ + \dewih,e)\^ - \w{h,e)\^ + 

+ - w{h,e)\^'^p^\ve\'^ dx 



: Mx{w,Ds), 

9 



provided that \w\ < 2 in Ds and A > — ^ . , ^n- 

2e^ miD^ \ yd\'^ 

In order to simplify formulas, we will write, in what follows, the second integral in (|6.8p as 

\ I \\dhw\'^ + \dew\'^-\w\'^ + \\e''^-w\'^}p'^\Ve\'^dx. 
^ Jds ^ J 

The same simplified notation will be implicitly used for similar integrals. 

Remark 1. // we replace w by w := min(|tt;|, 2), then M\ does not increase. Furthermore 



replacing w by w does not affect the Dirichlet condition of 116.^) . Therefore, by replacing w by w if 
necessary, we may assume \w\ < 2. 

We next state a lemma which allows us to give a new form of M\. 

Lemma 10. Let f G Ci(M,M). Then, for k e Z, we have 



f{h) cos{ke)p^\Ve\^ dx 



25 j f{s)ds tfk = 
k Ji-s 



[ f{h)p^\Ve\^ dx = 5 I f{s)ds. 

Jot Jl-5 



Proof. This result is easily obtained by noting that the jacobian of the change of variable x i— )■ 
{9{x), h{x)) is exactly p'^\Ve\'^. □ 

For w = Wt = ipt^ *^ where Tpt of the form given by (|6.6p , we have 

Mx(,w,Ds) = [\dhw\^ + \dew\^-\w\^ + \\e'' -w\^]p'\Ve\ 

We next rewrite Mx{w, D'^). Recalling that for a sequence {at} C M, we have 



dx. 



fcGZ 



ike 



^^a| + 2 OfcO; cos[(A; — 



fcez 



k>l 



Then we obtain 

Mx{w,D's) 



D' 



k& 



t bkfkik + l)cos[ik + m 



k^-1 



Yl ^-Mf-if'k - f-ifk{k - A + 1)] cos[(fc + 1)^] 



ky^-l 



+ 



Yl hbi[f'kf[ + {kl + \-l)fkfi]cos[{k-l)e]'}p''\Ve\''. (6.9) 



k-l>0 



Using Lemma [TD] and (j6.9p , we have 
Mx{w,D's) 



<5i'^fe(/fc)-2t ^ 6fcsinp + l)5] A 
kez k^-i -^^'^ 

{fUf'k-{k-X + l)f-ih} 



-2*2 Y b-ibk 

kyt-l 



sin[(A; + l)5] 



+2f Y ^kk 



k + l 
sinp-/)5] 



k,l^-l 
k-l>0 



k-l 



1-5 



{f'kfl + {kl + X-l)fkfl} 



Rx{w) - 2t V 6fc sin[(A: + 1)6] I fk. 



with 



Rx{w) = St^Y^l^kUk) 



kez 



-2f y 6_,6,^^*±11'^] 

k+-\ 



1-5 



{/-i/fc-(A;-A + l)/-i/fc} 



+2*2 ^ 



k,l^-l 
k-l>0 



sm[{k - 1)5] 



1-5 



{/fc// + (A;^ + A-l)/fc/z}, 



Jl-5 



(6.10) 
(6.11) 



17 



and 

We next establish a similar identity for Mx{wt, D^). Using (j6.6p . we have 

Mxiwt,Df) = ^j^^\dhU,{h,e)\^ + \dew{h,e)\^-\w\^ + X\e''-w\^]p''\V9\' 



(1 + A {26 T Of)\Mh, ±S) - i\^]p^\ve\^ 

+ t V bk{t)sm[{k + m [ fk. (6.12) 



+ 



Here, Im -0 denotes the imaginary part of -0. To obtain (j6.12p . we used the identity 

\dg{il^e'')\^ = + 101' + 20 X dei^. 



6.4 Choice of w = ^/^^e*^ 
We take 



With this choice, by direct computations we have 

Uh) = a,{l+ ^,J_ J , (6.14) 

and for k,l £ Z s.t. A; 7^ ±1, 

1 1 _ g-2{«fc+a;)'5 1 _ g-SCQfe-QO* 

1 /■! 1 _ p-2{«fe+a;)5 

^ u - 



I _ g-2{ofe-a;)5 

^ (afc-aO(l-e-2°fe5)(e2a,5_i)- (^■^^) 

Using ()6.1ip — (j6.17p . we may obtain the following estimate, whose proof is postponed to Ap- 
pendix [B1 

Lemma 11. We have 

fc>/>0 



IS 



6.5 End of the proof of Lemma [5] 

We denote 



S{6,t) := ^ CkCi 



k>l>0 



„ . 7,1 • . (n + 1)1 I In 
Setting n = k — I and noting that ^, = — + 



n + 2l 2 2{n + 2l) 



sm[{k-l)5] kl 
k-l k+V 

we have 



(6.19) 



t) = ^ (1 - tr'^ /(I - tf + E (1 - ^r^"' 

n>0 />0 n,l>0 



I 



it -2) 

Here, we have used the expUcit formulae for the c^'s, given by Lemma [9j 

Using Appendix |A] (see Appendix IA.1|1 we find that for < t < 6, we have 



n + 2l 



3(6, t) 



2*2 



arctan 



1 — t — cos 5 



sin 6 



arctan 



cos 5 



+ 



sin 6 

[1 -t + cos6){2-t) 



8t sin 6 



+ 0(l). 



We note that 



arctan 



1 — t — cos 6 
sin 5 



arctan 



6 



1 — cos 5 



sin (5 
tsm5 



tsm6 



and 



From dOOD — (f6:22]l we infer 



arctan 



2 2(1 -cos 5) 
' cos (5 \ vr 



2(1 - cos 5) 

+ o(t') 



+ 0(t2) 



sin 5 



S. 



with 



5(5,i)<i^(vr-5) + i 



(1 -t + cos(5)(2 -t) 



^1-t + cos S){2-t) 



sin 5 



8 sin (5 



4(1 - cos 5) 



sin 5 



< 



(1 + cos5) 



sin (5 



From (16TB . 
Using (lOHD and (fOill 



8 sin 5 4(1 -cos 5) 4 sin 5 4(1 -cos 5) 

Mxiwt, Ds)<S- 26t + 4t'^S{6, t) + o{t). 



+ 0(1) 



0. 



4t^5((5,i) <7r-5 + o(t). 



Finally, we have by combining (j6.25p with (j6.26p . 

Mx{wt,Ds) < vr - 2(5i + o{t) < vr for i smah. 
We conclude that for t sufficiently small, L'^{w^, Ds) < vr. 

6.6 Conclusion 

u := tpu, with tp = tpt — P^f^' — ^, satisfies the desired properties i.e.: 

- - m\ 



Ee{u) < Ee{u) + vr (by <^ and <KT!\ ) ; 
u G Jp,q-i (by dill, (IE3|) and ([63D). 



(6.20) 



(6.21) 
(6.22) 

(6.23) 

(6.24) 

(6.25) 
(6.26) 

(6.27) 
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6.7 A direct consequence of Lemma [5] 

By applying Lemma [5] and next Lemma [71 one may easily obtain the following 

Corollary 1. Let u G Jp^q be a solution of iS. I[3. 2^) . 
Assume that 

abdegj(n) G {dj - -,dj + -), Wj £ Nn- 

Assume that there are G {0, A^} and xq G du;^^ s.t. u x 9T-n(xo) > 0. 

Then for all 5 = {5i, ^at, 5o) G Z^^^ s.t. 6ig > 0, there is us G i7(p,q)_5 s.t. 

i 

and ^ ^ 

ahdegjius) G {dj - -,dj + Vj G Nat. 

7 Proof of Theorem [2] 

The energy estimate is obtained from Lemmas [H and |6] 
We call (p, q, d) a good configuration of degrees if 

(p, g, d) G X Z X (N*)^, pi < (ii and g < ^ di =: d. 

i 

We first prove Theorem [2] when 

as((d, d), (p, q)) = \di — pi\ + ... + {d^ — p]y\ + \d — q\=0<^p = d and q = d. 

For e > 0, let (u^)n be a minimizing sequence of in iTj^^- For e < e|4](d, d, d), up to subsequence, 
using Proposition HI — )■ weakly in and strongly in L'^ and u^ is a (global) minimizer of E^ 

Applying Lemmas [3] and U for e < e[2](d) < (here, £[2] is s.t. the Oe(l) of Lemma U] is lower 
than — ), 

Io(d,P) > ^e('Ue) + vras(deg(n„P),(d,d)) 

> Io{d,V) - | + 27rae(deg(u„P),(d,d)). 

It follows, ae(deg(ue, P), (d,ci)) < — which implies u^ G iT^d- 

We now prove (following the same strategy) Theorem [2] for a good configuration (p,g,d) s.t. 

as((p,g),(d,d)) > 0. 

For e > consider (u^)„ a minimizing sequence of E^, in J^^g. 

For e < eg](p,g,d), up to subsequence, using Proposition |4l — ?■ Ug weakly in and strongly 
in and is a (global) minimizer of i?^ in i7^g(„ .j^y 

Let A := /o(d,I') + as((p, g), (d, d))7r + 1, by Lemma El for e < g^p,q,d,A), there is G d^l 
s.t. (Ug X 3T-lie)(x°) > 0. 

The third assertion in Proposition[T]and the energy bound give the existence of < e[2](P) Q, d. A) < 
s^p, q, d. A) s.t. for < e < ej^ 

abdegj(M£) G {di -^,di + ^). 
9n 



IT 

Fix £j2j(p, > e[2](p,(?,d) > s.t. the Oe(l) in Lemma |4] is lower than — (here £[5] is defined 

in Lemma [8]). 

Using Lemmas [3l 2] and [6l we have for e < £2 

/o(d,2?) + 7ras((p,g), (d,d)) > liminf Ef,{u^^) (by Lemma [6] and the definition of (M^)n) 

> ^^(ug) +7ras((p,g),deg(ue,P)) (Lemma[3|) 

> /o(d,P)+7r[as((p,(?),deg(u^P)) 

+ae((d,d),deg(u^2?))] - ^ (LemmaiD 

It follows that 

ae ((p, g), deg(n^ P)) + ae ((d, d), deg(u^ P)) = as((p, q), (d, d)). (7.1) 

Thus 

Pi < degg^^(M^) < di and g < deggs^(u^) < d. 

Assume that there is e < £2 s.t. li^ ^ J^^q- Then from Lemma[S]and (|7.1|) . one may apply Corollary 
[T]to obtain the existence of G ■•^p,q 

"ie(p,9,d) < Ee{ue) < Ee{us) + TTse {{p, q) , deg{ue,V)) < liminf = me{p,q,d) 

which is a contradiction. 

Thus for e < 62, Ue ^ '^p,q ^^'^ consequently Us is a minimizer of in J^p^q- 



A Results used in the proof of Lemma [5] 
A.l Power series expansions 



For X £C, \X\ < 1, we have 



^^ = -ln(l-|X|), (A.l) 



k 

k>l 



fc>0 



X 



k>l 



fc>0 



(1-X)2' 

Xsin( 
1 - 2X cos 5 + X2 ' 

Esin(A;(5) ^^r, , /X-cos6\ , /cos5\ ^, 
— ^ — ^X" = arctan — + arctan , (A.5) 

E- / i-N ^ ■,^r!+9/ X + cosS 1 /X — cos(5\ ^ / . 

sm n5 = ^ _ arctan + Cst^ . A.6 

n + 2l 4(1-X2)sm5 Asm^ 5 \ sm6 J 



n,l>0 



Proof: The first four identities are classical. We sketch the argument that leads to (jA.SP and (IA.6[) . 
The identity (jA.SP follows from (IA.4P by integration. 
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We next prove ()A.6p . Let 



n,l>0 



On the one hand, by (jXll . 



(l-X2)2(l-2Xcos5 + X2)- 

n>0 i>0 V / V > J 



On the other hand 



d / X + cos6 1 X — cos(5\ X^sin^ 

arctan ■ 



dX \4sm6{l - X^) Asin^ 5 sm6 J {1 - X'^y{l - 2X cos6 + X^) 

A. 2 Estimates for fk and ak 

Recah that we defined, in section [6l fk and by 



l_e-2afe5 X — e^^fci^' 
Offc = \/A;2 _|_ _\ _ 1 , 



In this part, we prove the fohowing inequahties: 

\fk(h) - e-l'=l(i-'^)| < with C independent of A: G Z*, /i E (1 - 5, 1), (A.8) 

- |A;|e-l'=l(i-'')| < with C independent of A; G Z*, /i G (1 - J, 1). (A.9) 

Proof: The first assertion is obtained using a Taylor expansion. 
Let gh{u) = e"^^"^), we have 



< ^ sup ^ W,{u)\\ak - l^ll + ^ < + ^ < ^- 



The proof of ()A.9P is similar, one uses gh{u) = ue"^^^ instead of 

A. 3 Further estimates on fk and ak 

We have 



9h 



fkfl 
1-5 



C 

< 1^1"^^^) with C independent of /c G Z, (A. 10) 

C 

— 71 — 1,1^ , with C independent oi k,l £ Z, s.t. \k\ ^ 1/1, (A.ll) 

max(|A;|, |/|) 

99 



1 

1-5 



fkfl 



< C (min( 



+ 1) , with C independent of k,l £ Z, s.t. |A;| / |/|. (A. 12) 

= |/|, but this will not used in the proof of 



Proof: Actually (lAlDl . (IAH) still hold when \k\ = 
Lemma [5] and requires a separate argument. 
Since ak > \k\, 

l\{fL'-»lh'}<l\{fC-k'h'} 

By direct computations, 



C{6,n) 



(1 - e-2«fc5)(e2"fc'5 - 1) ~ /c" ' 



Vn G N* 



1 



1 



Which proves (jA.lOp . 
For \k\ ^ \l\, we have 

\ _ g-2(ofe+a;)^ 



1 Vo^ ' 



o 



X _ e-2(afc-0;)'5 



(ttfc + a/)(l - e-2«fc5)(l - e-2"i'5) {at - a/)(l - e-2"fc<5)(e2"!'5 - 1) 



< 



C 



+ 



max 



\ _ g-2(«fc-«i)5 



(ofe - ai){l - e-2«fc'5)(e2"i<5 _ l) 



We assume that \k\ > |/| and we consider the two following cases: ai < at < 2ai and Ok > 2ai. 



Noting that 



l-e" 



is bounded for x € Ml, we have 



I _ g-2(ofe-ai)<5 



{at - ai){l - e-2«fc'5)(e2«i'5 _ l) 

I _ g-2(afc-«i)(5 



if a; < Ofc < 2a/, 



{ak - ai){l - e-2«'=<5)(e2"!'5 - 1) 



C C 
ak-ai max(|fc|,|/|) 



This proves (jA.lip . 
For |A;|/|/|, 



OfcOi (l - e-2(«fe+"i)'5) ^ Q,^Q,^ _ e-2(afc-a05) 



"1 

" (ofc + «;)(! -e-2"fc5)(i _e-2a,5) ' (afc-a/)(l-e-2"fc^)(e2"i^-l)' 
It is clear that. 



afcaz(l -e-2K+°')^) 



(afc + ai){l - e-2"fe'5)(i _ e-2a,<5) - + a/ 
As in the proof of (jA.lip , we have 



< C < C7 [min(|A:|, |/|) + 1] . 



(A.13) 



(ofc - a/)(l - e-2"fc'5)(e2«!'5 - l) 



< < C [min(|A;|, |Z|) + 1] 



max(|A;|, |/|) 



(A.14) 



Inequalities (|XT2]) follows from (|AJ3]) and (|Al4l) . 



A. 4 Two fundamental estimates 

In this part, we let A; > Z > and prove the fohowing: 

X ._ (afc«^ + fc/ + A-l)(l-e-^("'-+°')-^) _ 2kl ( I \ 
''''' (afc + a/)(l-e-2"fc'5)(i_e-2a,5) k + T \l + 1 J ' ^ ' 

V (afc«, + fc/ + A - 1)(1 - e-^K-"')^) ^ ^ 

- (afc-aO(l-e-2"^^)(e2"^^-l) " ' ^ 

The computations are direct: 

2kl 2kl 2kl „ / 1 



X,,-—- = ■ ^r-TTTz ^-^^ + 



k + l (ofc + aO(l -e-^°'»'^)(l -e-2"i'5) k + l \l + 1 

^^^^ fc + /-(afc + aO(l-e-2"^-^)(l-e-^""^) ^ 1 



{k + l){ak + ai){l - e-2"fc^)(l - e-2"i'5) + 1 

O {k + kHe-'^/^) 1 



l + l 



We now turn to ([AlBl) . 

If CKfc ^ 2q; (or equivalently, if — a/ > then 

(a,a, + fc/ + A-l)(l-e-2K-°')^) ^ C—e'^^^'KCe 
(afc-a0(l-e-2"fc^)(e2"i^-l) " 

If Ofc < 2a/, then 



(ofca/ + A:/ + A - 1)(1 - e-2K-"05) 



< C/^e-^""^ < Ce" 



(ofc - ai){l - e-2"fc'5)(e2«!<5 _ l) 

B Proof of Proposition [1] and of Lemma [9] 

B.l Proof of Proposition [1] 

The proof of 1) is direct by noting that if u G S^), then diu and are pointwise 

proportional and deg5j^(u) = Eidegg^^(u), 

abdeg,(tx,P) = ^ 5^ (-1)'^ / {uyidku)d^^kVi 

^ fc=l,2 

p / M X a^u dr = deggs^(M) - V deg^^ (u) = degg^^ (u). 



27r 

Proof of 2). Since Vi is locally constant on dV, integrating by parts, 



Then 



V y. {diu d2Vi — diVi) dx = I u x {div d2Vi — diVi) dx . 
V Jv 

27r|abdegj(u) — abdegj('t;)| = {u — v) x {diVi d2U — d2Vi diu) 

Jv L 

+ {di V, d2v - d2V, div) 



dx 



< V2\\u - v\\L2^Tj)\\Vi\\ci(v){\\^u\\LHV) + l|Vv||i2(x,)) 

< 2\\u - v\\l2(^j,) m\\ci(v)[Ee{n)'/' + Ee{v)'/^] 

< 4||n-?;||i2(^)||V-|bi(7?)A'/^ 
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We prove assertion 3) by showing that dist(abdegj(u£), Z) = o(l). Using the first and the second 
assertion, we have 

dist(abdegj(M£), Z) < inf |abdegj(Me) — abdegj(t')| 

2 

where := G H^{V,S^) s.t. ^ j |Vupdx < a| / 0. 

Now, it suffices to show that inf^^^A \\us — ~^ 0. We argue by contradiction and we 

assume that there is an extraction (en)n i and 6 > s.t. for all n, inf \\us„ — v\\]^2(xi) > 6. 

We see that {u^^)n is bounded in H^. Then, up to subsequence, Un converges to u G H^{T),M.'^) 
weakly in and strongly in L^. 

Since |||it£^p — l||£,2(x)) — )• 0, we have G ff"'^(2?,S^) and by weakly convergence, ||Vm||^2(^) < 2A. 
To conclude, we have u G Eq et — u\\]^2 — t- 0, which is a contradiction. 

B.2 Proof of Lemma [9] 

1) We see easily that, with z = e*^, we have 

Mz)-J't{z) ^ (i-(^(g))(i-z^) ^ A{e,t) 
t [z{i-t) -i][z{i-tip{e)) -1] B{d,t)' 

The modulus of the RHS of (IB.2P can be bounded by noting that 

• there is some m > s.t. \B{9,t)\ > m for each t and each 6 s.t. \9\ > 5/2 mod 27r; 

• there is some M > s.t. < M for each t and each 6 s.t. |0| > 5/2 mod 27r; 

• if |6i| < 5/2 (modulo 2n), then (^t - J"*) = 0. 

2) This assertion is a standard expansion. 

3) With a classical result relating regularity of ^t — ^t to the asymptotic behaviour of its Fourier 
coefficients, we have 

2"+i7r||9,"(vI/i-J-i)||io.(si) 



\hk{t) - Ck{t)\ < 
Noting that, for 9^ {^t - ^t) t"^ 



t{i + \k\r 

An{e,t) 



Bn{0,t) 

• there is some m„ > s.t. \Bn{9,t)\ > m„ for each t and each 9 s.t. |0| > 5/2 mod 27r; 

• there is some M„ > s.t. < M„ for each t and each 9 s.t. |0| > 5/2 mod 2tt; 

• if |6l| < 5/2 (modulo 27r), then (^t - -T^t) i"^ = 0. 
Thus the result follows. 
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B.3 Proof of Lemma 1111 

The key argument to treat the energetic contribution of D^^ is the following lemma. 
Lemma 12. 1. \ipt{h,±6) - 1| = 0{t); 
2. \dhMh,±d)\ =0(t|lnt|). 



Proof, (of Lemma \T2\i 

Using Lemma [9l ()A.2p and (jA.Sp . we have 



t-'\Mh,6)-l\ < 



+ 



.i-c_i)/_i(/i)+ (6,-Cfe)/fc(/i)e-'('=+i)^ 



< C{5) 



k>0 



+ 1 V =0(1). 



We prove that {dhi'tih, 6)\ = 0{t\ lnt\). Using Lemma[9l ([Al3]) and (jAl9]) . 



+ 



< 2 



fc>0 



+ 0(|lnt|) = 0(|lnt|). 



Using (16. lip . (I6.12P and Lemma [T2l we have (with the notation of section [6]) that 

MxiwuDs) = Rx{wt) + o{t), 

where 

+ 2^2 ^ M,^*^/' [/(//+ (A:Z + A- 1)/,/, 



k-l>0 



k-l 



1-5 



The proof of Lemma [12] is completed provided we establish the following estimate: 

sin[(A:-/)5] kl 



Rxiwt) <5-25t + At'^ Y 



CkQ- 



k,l>0 
k-l>0 



k-l k+l 



+ o{t). 



(B 



The remaining part of this appendix is devoted to the proof of (|B.3p . 
We estimate the first term of Rx: 



9fi 



Using (j6.14p and Lemma [9l we have (with C independent of t) 



feez k£Z 



< C. 



With ([6m|) and ()A.7p . we obtain 

(pkifk) = a(l + 



,2a5 



+ 



+ 1 



when 



oo. 



(B.4) 



(B.5) 



From dAH), (jAU) and (IrK]) . 

k>0 

= t\t - 2)2 k{l - tf^ + o{t) = l-2t + o{t). 



(B.6) 



fe>o 



We estimate the second term of Rx'. 

Using Lemma [H (lA.lip and (IA.12p . we have (with C independent of t) 



{bk - Ck) 



sinP + l)5] 

/ [f-ifk - (fc - A + l)f-ifk\ 



k 



< C. 



Since 6_i(t) is bounded by a quantity independent of t, in the order to estimate the third term of 
the RHS of ()6.10p . we observe that there is C independent of t s.t. 



,sinp + l)5] , 

U-i/fc 



k>0 



k + 1 



1-5 



A + l)/-iA] 



\fc>i 
= C(|lnt| + 1). 



Finahy, using Lemma [9l (|6.16p and ()6.17p . we have 



sinp + l)5] 



/c + 1 



1-5 



A + l)/-i/fc] 



<C(|lnt| + l). 



(B.7) 



We estimate the last term of Rx'. 

First, we consider the case k = —I > (i.e., fk = fi)- Using (IG.lSp . < /fc < 1 and (lA.lOp . we 
have (with C independent of t) 



Ybkh 



sin 2k5 



-k- 



k>0 



2k 



1-5 



[/^ + i-k' + A - 1)/, 



< C. 



It remains to estimate the last sum in Rx, considered only over the indices k and / s.t. \k\ ^ 
We start with 



E (bkh - CkCi) 



k,l^-l 
k-l>0,kyt-l 



sm[{k - 1)6] 
k^l 



1-.5 



[f'Jl+{kl + X-l)fkfi] 



(B.8) 



E l-^bk - Ck){bi - ci) + Ckik - ci) + ci{bk - Ck)] 
sm[{k-l)6] 



k,lj^-l 
k-l>Q,k^-l 



k-l 



1-5 



[f'J[+{kl + X-l)fkfi]. 
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By Assertion 3) of Lemma [9l the first sum of the RHS of (jB.SP is easily bounded by a quantity 
independent of t. By (lA.llj) . (IA.12P and Lemma El 



ckik - ci) 



k.l^-l 



sm[{k - 1)5] 



l-<5 



< 



{l-t)%-ci\ 



k>0.l^-l 
k-l>b,kjt-l 



k-l 



+ c. 



On the other hand (putting n = k — I), 
^ {l-t)%-ci\\l\ ^ 



k-l>0,k^-l 



k-l 



fc>0,K-l 



k + 



< 



^ {l-t)%-ci\l ^ ^ (l - t)% - Cl\\l\ 
k>l>0 

E 

i>0,n>0 

0(|lnt|). 



(i-ty 



n 



-\bl-ci\l+ ^-^\bl-ci\\l\ 



k>0,l<-l 



Similarly, we may prove that 



sinp-/)5] 



- ck y"T I [f'kf'i + {ki + x- i)fkfi] 



k,l^-l 
k-l>0,k^-l 



We have thus proved that 



k-l 



1-5 



Oi\\nt\). 



Y {bkk-CkCi) 



sin[{k-l)6] 



k,lj^-l 
k-l>0,kjt-l 



k-l 



1-S 



[f;^fl + (ki + x-i)fkfi] 



o{t 



-1^ 



To finish the proof, it suffices to obtain 



E 



CkCl- 



k,l^-l 
k-l>0,kj^- 



sin [(fc - 1)5] 
k-l 



l-<5 



[f'j[ + {ki + x-i)Mi] 



Esin[(A; — 1)5] kl , i , 



k,l>0 
k-l>0 



k-l k + l 



Since = for m < —1, it suffices to consider the case k > I > 0. Under these hypotheses, we 
have by ([6^161) . (fOTl) . (|Al5ll and (|Al6]) . 

-ir;^ sm[{k-l)5] rrf r, , n r , \ #i o sm[{k - 1)5] kl 
^fc^' TTT / [fkfi + ikl + X-l)fkfi] = 2 Y ^kci ^_ ' 

k>l>0 ''^^^ k>l>0 



, fc>/>0 



CkCi]sm[{k - 1)5]] 1 
k-l l+l 



We conclude by noting that 

sin[(A; - 1)5] 



ckQ 

k>l>0 



{k-l){l + l) 



Tl ^ ^ I 

n>0 l>0 



9S 



C Proof of Lemma [7] 

Lemma 13. Let < ri,6 < I, there is 

Mn,5 ■■ D{0, 1) ^ C 



,r /X s.t.: (C.l) 



i) |M^,5| = 1 on §1, degsi(M^,5) = 1, 

ii) \ [ \VM^^s\^ <TT + r], 
^ Jd{o,i) 

in) \Mfi^s\ ^ 2 

iv) if \e\ > 6 mod 2tt, then M^^5(e*^) = 1. 



Claim: Taking Mjj^s instead of M^^^, we obtain the same conclusions replacing the assertion i) hy 
deg§i(IV) = -1- ' 

Proof. As in section El let G C°°(M,M) be s.t. 

• < 99 < 1, 

• 99 is even and 27r-periodic, 

• ^\{-5/2,5/2) = 1 and (/?|[_7r,7r[\(-5,5) = 0. 

For < t < 5, let Mf = M he the unique solution of 

M(e^^) = - - '^^'^^ ondDiOl) 

AM = in L>(0, 1) 

It follows easily that M satisfies i), Hi) and iv). We will prove that for t small ii) holds. 
Using (|6.4p . we have 

4^fii^M^ = (l-t6„i(t)) + t 6,(t)e(^'+i>^. (C.2) 
e'%1 - tip{e)) - I 

It is not difficult to see that 

M(re*^) = (1 - + t hk{t)r\^^^\e'^^^^'^'^ . (C.3) 

From (lasjl . 



- /" |VM|2 = r de f dr V 62(A; + l)r2|'=+i|-2 
2 Jd{q,i) Jo Jo 

= 7rt^Y.^l{k + l) + 7rt^ Yl + 

fc>0 fc<-2 

= vrf ^ ^ Cfc ( A; + 1 ) + O (t^ ) (using Lemma E} 

fc>0 

= 7r(2 - ^ (1 - tf'^ik + 1) + (using Lemma [g]) 



fc>0 

+2\ 



= TT + ©(r) (using I^KM and (lAlSjl ) 
< TT + rj for t small. 

We finish the proof taking, for t small, ,5 = Mt. □ 
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Lemma 14. Let u £ J' , i ^ {0, ■.■,N} and e > 0. For all i] > 0, there is 

'^^ £ •^deg(w,D)±ei 

S.t. 

and 



Ee{u^) < Ee{u) + TT + 7J (C.4) 



\\u - u^Wl^v) = o^il), o^(l) -^^ 0. (C.5) 

Proof. We prove that for i = 0, there is G '^deg{u,T>)+ei satisfying ()C.4p and (jC.Sp . In the other 
cases the proof is similar. 

Using the density of C^[T), C) H J' in J' for the i7^-norm, we may assume u G C^{'D, C) H J . 

It suffices to prove the resuh for < ?y < minjlO^^, e^}. 

Let G do. and Vr/ be an open regular set of T) s.t. : 

• dV^r\dV^$, \Vr^\ <7?^ 

• is an interior point of 50 Pi f?V^, 

• 14; is simply connected, 

• \u\^ <l + rf in K?, 

• l|Vu||i2(y^) < 

Using the Caratheodory's theorem, there is 



$:y^^D(0,l), 

a homeomorphism s.t. ^\v^ ■ — ^ -C(0, 1) is a conformal mapping. 

Without loss of generality, we may assume that $(3;°) = 1. Let (5 > be s.t. for \e\ < 5 we have 



Let A'^ G i7 be defined by 

iVr,(x) 



1 if X G P \ 

M^2^g{^{x)) otherwise 



Here, M^2 ,5 is defined by Lemma [T3l Using the conformal invariance of the Dirichlet functional, we 
have 

I [ iViV^l' = ^ / |VM,2,5|2 < vr + (C.6) 

^ ^ 15(0,1) 

It is not difficult to see that n+ := uN^ G •^deg(u,X')+eo ■ Since \Nj^\ < 2 and || A'^^ — 1||l2(X') = 0)7(1); 
using the Dominated convergence theorem, we may prove that uN^ — )• n in L^{T>) when r/ 0. It 
follows that ([05]) holds. 

From ()C.6P and using the following formula, 

\V{uv)f = \v\^\Vuf + |up|Vv|2 + 2 XI (^"^J'^) ■ (^^J^) 

we obtain 

/■ 

< (1 + r?2)(vr + + 2||Vn||i2(^) + 4^1 + r/^H Vn||i2(y^) || ViV^||i2(^) 

< vr + |. (C.7) 



Furthermore, we have 

From (jOTj) and (jas]) . it fohows 

E,{u+,V) = E,{u,V\Vr,) + E,{u+,Vr,)<Ee{u,V)+7T + rj. 

The previous inequahty completes the proof. □ 

We may now prove Lemma [71 For the convenience of the reader, we recah the statement of the 
lemma. 

Lemma . Let u G J", e > and 6 = {6i, ...,6n,^o) S For alii] > 0, there is G •^deg(n,i>)+5 

s.t. 

E,{ul)<E,(u)+^ \5i\+r] 

i&{0,...,N} 

and 

\W - = 0^(1), Or,{l) 0. (gSl) 

Proof. As in the previous lemma, it suffices to prove the proposition for < r/ < min{10~^,e^} and 

uG cO(p,c)n J. 

We construct in = \5i\ steps. If = (which is equivalent aX 5 = O^jv+i) then, 

ig{0,...,Af} 

taking ii^ = u, (g^]) and (gSl) hold. 

Assume £i / 0. Let F = {i G {0, ...,iV} | (5i / 0} / 0, L = CardF and ^ = ^. We enumerate 
the elements of F in (i„)ngNL s.t. for n G Nl_i we have i„ < in+i- 

Let a be the sign function i.e. for x G M*, = - — r. 

\x\ 

For n G and / G we construct 

s.t ^ 

= "f^n = "^n-T^ with for n = 1, (^jp = 0, 

Here, (f^)^ stands for ti^ defined by Lemma [HI taking u = vl^ and rj = fi. 

It is clear that is well defined and that for n G N/,, := Un'"' G J'deg{vn-i,T>)+5i„ei,^ with 

Therefore, using ()C.4p . we have for n G N^, 

fcGN„ 

Taking n = L, we obtain that 



^^L e Jdeg(u,V)+S, Eeil^T) < E^{u) + TT ^ + 7?. 

ie{0,...,N} 



Furthermore, uf^ is obtained from u multiplying by £i factors Ni, I ^ N^^. Each Ni is bounded by 2 
and converges to 1 in L^-norm (when — )• 0). Using the Dominated convergence theorem, we may 
prove that satisfies (|4.8p . 

□ 
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